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R 53, Int 1, 1,

INTRODUCTION

This report R 53, Int 1 is the first ef a number of interim
repérts giving information about computations carried out by the
Cempu‘tation Department of the Mathematical Centre on behalf of
the National Aeronautical Research Institute in Amsterdam under
contract R 53. The final report R 53 that will be made up even-
tually will not contain much else than the final results ef the
computations and, moreover, will be not available for general
distribution. As however in the course of the computations a lot
of information has té be complled for internal use, and part ef
this information may be of some value to ethers, this compilation

will be done in the form of interim re-por‘ts; that will be made
avallable for limited circulation.
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Series expansions of the functions P,y P, and R .

1. In the second part of the work & role is played by the functions

We are more partlicularly interested in the cases Mo =T and
e = %, 2s these only occur in the final formulas.

- Use 1s made of the two following Feurierexpansions

. n 2 o0
i (71 cos 1 | ~ -~ D #_
e - o= ga(‘.ﬁ?’zﬂ )+ 2 2 1 J\)(szﬁ)cosw) =
Y=1 "'
:2 , e
<. L J\) ( (5 {4 )cOs 9»79 | (1.4)

b e !
L I T
V” ad T Nt

cosh& —cos(1; =%, e

cosh —cos(m +1, 2 -n"
_—“J-——-—H : # .
1n % = 4 /_ "r]; e § sin n '1?1 sin nmn
if &> 0. (1.5)

We can take S equal to zero at a later stage of the compuiali«rn.

a'J

2+ In order to compute Pl we first introduce

‘F

(a4 = lo_i L cas cosh & - cos(n -7

1
nosh & = ccs(f -1,

O
sin ) dﬂgc
(2.1)
Apparently
2 o ¢ -
Pl( {3 Q ) /r?l, ’r[’o): P ( t{) _(2 ) /"21’ 47030)' ' (2’:2)
Furthermere
'y 2 < S()‘:" 2Q )+2"%‘E '\J‘r ,-.,2[’) \ c *Qk;
Pl(f‘)‘("-owny 1703‘7)24 ' %Jo(ﬁ ' o 1“\/"‘? - e ’CSZ,;.
9 . ._ -

e-—-nE., sin n¥

sin nn ,3inn 44,
n=1 n [ > SR CY)
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gration and summations and

Si}l nY. sSin

T nln+l)

' sin niy sin{(n+vy=1)v.
) n{nt v -1)

Sin nt, sin(n+ Vv +1)%.

- n{n+v +1 ) (2.3)

where here, and in what follows, the indetermined expression

sin K9
;L
as the singular case.
If we take N=T all the terms on the righthandside ef (2.3)
vanish but those that correspond to a singular case. Therefore:

20 4,., ,
Py (B0, My, )= 273 (BE0) sin 1y

for vanishing p means simply 4 . We shall denote this case

< N 2 ain( ¥ +1)n
+2’JT.Z 1 J(@Q) w:*.g.llm
V=1 v
v, ¢
\} S \;} . 7,
- 27 2 i J, (2200 ) i%«-»%}:-q 1)1
V=2 o
= o % T *52{;-} Yoin 1. + o i\) -1 p ( fﬁzf'}. v sia
. C 0T 31 J D Y -1 ’ \
N ; o i} T
+ . l\) “1 J \) ‘+'1_ ( b 2«--(«({ \ " *L*Q *N:'- e - q
Yy=1
= 27T i 1771 (P 0 y+ g ( @?J Vo3 Y L
T “v -1 V41 " v
Sos o , .
- 2 - PO N 4T Y -1 ' : \ {4
Pl( b Q ) f‘z -.L’ ?Z:,:‘)“ &)232 ;;1 1 . J\) ( (3 n )n Sll’l }’T‘)ln \ f~» L“’j

Next we take the case Ne = 17 1 Here we can again sinplify comnsi--

derably as now the sums in (2.3) cancel one. another “e a lorge
we find the resulse

extent,. After some calculations

Py { 50, My M) .......fl-. Py { poL, 0 3, %)

, 3
J(RE .y T
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3. In order to compute P2 we proceed in a similar-way. So we find -

the result

a_ . J 2 T ¢ Sin n#4. sa.n n--2
2(?% "y ili 7 )“"" J ( (2 ) ri‘;l‘l nin=2)

sin nn+ sin{vV+n+2)7%.

L A

n(v +n+2) (3.1)

we consider

First,

agaln the case Y o =
singular terms vanish. After some calculations we find

In the second case, viz. MNeg = M qr 26
simplifications. After some
then

more intricate calculations we find

(3.3)

4. At last we deal with the expansion ef R_. This is again performed
along the same lines, and we give directly the result

oG

Ra( B 05 79)= 47| g (e e 2 a7, (pFe)T
2 © sin V1, | (4.1
J,_ (R -ﬁf’-}—n—;ﬂ-—] : (4.2)

5. The formulae (2.4) and (2.5) are not very suitable for small
52) as they take the indetermined ferm 0/0 for [0 = 0. This
suggests the use of an expansion in a powerseries with respect to
52() . This is readily performed by expanding the Besselfunctions
accurding to

T (F °0y=

ween the coefd

We find without difficulty recurrence relatigns bet
epts which give rise to the following expansion:




P S 1 S 1 1 1

o4 82 + §E 84) z- + (T78 52 + m1920 84 + ----....11520 36)
1 1 1 _ 1 T

(76080 ®2 * 52160 %4 * 322560 %6 * 7580450 °8) °

, 1 1 .
+ (g223880 S * 7721440 Sa t

1

T 550504326 Sa4 T

(e S
619315200 “2

By inserting ﬁ%ﬂ fer z, and sin V7, for s, we find the sum that
- v-1

whereas insertion of %
n=1

occurs in (2.4),

for s, gives us the sum that eccurs in (2.5).

Although not strictly necessary we also expand the sums 1in (3. 2)
and (3.3) with respect to @21) so as to afford at least an in-
dependent check on the computations. The result can easily be
We write (5.2) in the form

expressed in the foregoing one.

m :
> &11 s, J,(2)=8_+ 8,2 +§, 2" + ...
5

» : . ,“}- , : 3 , { :
: . T % L | | " . M '-5; - ) «_ ' ) 1) + ‘ .‘ ‘ k|
+1(Slz+83z +Ssz )




(5.4)

m the directly from the
wing identity:

Pl (f ZQ’ %{21" 1?0)‘: (5.5)

ependently
2% Moreover, we have

all the foregolf

o Joyn(2)= J, ,(2)
Y +2 Y =2 _ 2
=1 y (81 +3 8527 +5852" +...)

First of all we prepare a 8 decimal table ef J ({Q’ 2—Q ) for all

n for which the function does not vanish 1den‘tically. Thias table is
given on Datasheet 3. Fer the highest value of 3 0, t.e. 11.2
n goes up to 26.

Next we prepare a 7 decimal table of sin nT
values of 1, , and the same range of n. This table is given on

Datasheet 2. Furthermore we prepare a 7 decimal table &f --—-——-—il;l 24

;4 ¢+ for the 8ix

for the same range of ti+y» and n. This table is given on Datasheet
4, and actually in two wafys sy ViZ. once with n = 1(1)27 and once
with n = 27(~1)1. The reason for this arrangement is to perform
ea\s}i%y the compu‘ta"cion and checking ef the coefficients
T . _..____._._:.___.3111:11 o, ____ﬁ____)____s:Lan-r;n 1 . By cutting the sheet in two, folding
n=

the lower part and shifting it alongside a celumn ef the upper one,

the two factors that have to be multlplled appear alongside one

another. The results are given on D



Ve have then all the data, necessary for the computation &f P
2 nd Rn according to the formulae in 2, 3 and 4.

Furthermore we compute a table of ( S %{2 )™ for n = 1(1)11 and
fﬂ%ﬂ;‘up t0 somewhat above 1 as far as they are relevant and of the
coelilcients of the powerseries after which Pl and P2 may be re-

calculated either as a check or in order to get the required
accuracy of 7 decimilg,

17 o




0.025
0,050
0.075
0. 1C0
0.125
0.150
0.200
0.250
1, 200
Q375
0,450
0.550
0.650
0.880
1.0
1.2
1.5
2.0
3.0
4.5
7.0

g

0.GN0O625
0.0025C0
0.005625
0.010000
0.015625
0.022500
{.040000
£.062500
0.090200
0.146625

0, 202500

0.302500
0.422500
0.64C£000
1.000000

1. 440000

2.250000 -

4.00000Q
9.000000
20.250000
49.000000

i

8= 0,35 = 0,50
{) (o p‘z,.f:‘. DL La (el
0.14285714 0,12535711 0.0175
0.28571429 0.25071429 0.0350 .2 N.15) 0.6
0.42857143 0.3760714% 00,0525
0.57142857 0.50142957 0.0700 0.4 0.300 0.100
0.71428571 0,62678571 0.0875
0.25714286 0.75214286 0,1050 0.6 0.450 0.150
1.14285714 1.00285714 0,.1400 Q.8 0.600 0.200
1.42857143 1,253%357143 0.1750 1.0 0.750 0.250
1.71428571 1.50428571 0.2100 1.2 0.900 0O, 30"
2.14285714 1:88035714 0.2625 1.5 1.125 0,375
2.571423857 2.25642857 0.3150 1.8 1,350 0,450
2.2 1.850 0,550
5.71428571 3.25928571 0.4550 2.6 1.950 O.65Q
CAL0 3,000 L.000
6.85714286 6.01714286 0.8400
8.0 6,000 2.L009
0 0.10 0.15 6. 20
0 0.64350111 0.7953988% 0.92729522

R 5%, Gegevenble

d 1.

Algemesn overzicht van parameters.,

L= .60 £ = 0.70
<2 ' :{:)':‘S';_ ) » ﬁ:‘i;::
N1EA5R7ST QLLNCS6EET 006
0.21428%571 0, 10922571 9,105
0,.3333%333%5 0.21%33333 0.12
0.50000000 0i320000C0 0.18 0.42857143 0.21857143 0,210
0.66666667 0, 426666A7 ©. 24
0.8%333333 0.53333333 .30 C.7142857X Q.36422571 0.350
1.00000009 0464000000 0.36 |
1. 25000000 Q80000000 Q.45 1.07142857 0.54642257 0,525
1.50000000 0.96000000 O.%4 1.20571429 0.65571429 0,630
1.83333%333 1,1733333% 0.66 1.57142R57°0.80142857 0,770
2.16666A57 1.33666667 0,78 1.R571428€6 0,547142868 0,910
2.66066667 1. 706RB6KT D.95 2.20571429 1.16571429 1,120
DORAEBENET O TRIAFARE A T D 2,80714286 1,45714286 1. 404
3.4285714% 1.74857143 1.685
5, 0O000.T0LL 3, 20000000 1. 20 4.23571429 2,18571429 2,100

5.71427571 2,91424571 2,800
10.000009200 §.40000000 2. 57

i *?\*3()0

" 0.35
1. 26610363

- 0.30
1.15927948

Q.25
1. 04729755

£ = 0,80
$ W

0.312% 0.1125

0.6250 0,2250

0.9375 8.3375

1.3750 0.4950
1.6250 0.5850
2. 0000 0,7200
£.5000 00,9000
%.0000 1.0800
3. 7500 L3300

7.5C00 2.,T7000

17.5000 6.3000

0.20

Q.40
O . 6*0

0, 88
1.04
1,29
1, 60
1,92
2. 43
3, of
4,80

11. 20

- ar
1“1‘5 e
LI

N.BE. Alle getellen, welke in minder
dar. 8 decimalen zijn opgegeven,
ziin exact,
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tt v 4t

r ol 0.10

sin*ql:m

sin n‘ﬂl

0.6000000
0.9600000
09360000
0,5376000
0.0758400
0.6589440
0.9784704
O o 906 6C97
0.47210%4
041512433
0.7140924
049913048
0.8719952
C,. 4038875
0.2257753
0.7651278
0.9984 293
0.8323590
C.3333452
0.2990067
0.8117560
0.9998G29
0.7879287
0, 2608829
0.3705159
0,8537084
0.9954175

0.8

I B N O

N B

T = 015
sin TLl = 047

sin n Tll

0.7141429
0.9998000
0.6855771
0.0399925
0.7415660
0.9982003%
O.6859145
0,20799201
C.7678,25
0,985C0%5
Ga6252023
0.1197201
0:7928107
0.9902147
0.5934899
0.1593288
0.8165502
0.9838415
0.55082531
0.1986824
0.9758942
0.5272686
0.2377181
0.80600741
0.9663885
0.,4928657

|

I

!

i

1 31 i

1111

T'-‘” 0.20
ﬂin ﬂ*-'l - 0§6

sin nTLl

0. 8000000
0.9600000
043520000
0, 5376000

0.4038875

0.97T41795%

0.7651278
C.0560261
0.83%323%90
0.9428048
0.29900067
0.5839968
Q.9998029
0.6157665
0.260B829
V92882861
0.8537084
0.0956239

i

!

{

T= a.25
ain 'q_l = 0.%

sin n‘Ql

0:8660254
0.8660254
O |
0.,8660254
Oa QSCK)gtjd
O
OQSO&‘%
‘...-u. 64} O?:"'
u 8660254
848660254
0.8660254
0.8660254
0
0, 8660254
0.8660254
O
0.8660254
8.8660234
04 86602%4
048660254
0 D
048660254

0.8660254
O

!

|

1 1

s
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2&

Waarden van 8in m,.

Tr” 0430

sin an

0.9165151
0.7532121
0.3299454
0.9971685
0.467789%
0.6229370
0.,9661289
0.1499742
0.8461597
0.,8269018
U.1346382
0.9746124
0.5950517
0.4985710
0.9939085
042965559
0.7566639
0,9018869
0.0351543

g

U‘708854O

043629271
0.9991957
014354293

~ 046500522

Wl

0.9564712
0,1151248

4

'

|

‘ .

|

Tm 0,35

sin Tz_l = 0;3

0, 6165211
0.93 '6762

Qe 0945248
O Q7”254
044922903
0.6826511
049018811
0424 15226
0.9867946
0.4505543
04 7164620
0.8804314
01882033
0{993353%4
0:4078088
0,T7486681
0. 8570097
D, 2344623
049976871



0.6300
0,650
Q.660D
0. 7789
0.7809
0.8400
0.8809
0.91

0.960

1.00QQ
1,0400
1.1200
1.2800
1. 4000
1. 6800
1. Bow
1.9200
2. 0080
2. 1000

2 058

3. 2000
3. 6000
4. 8800
6.3000C
11. 2000

T, (B42)

0.99992344
0.99969377
0.99937510

0.39931106

0,98910020
0.99877538
Q.99808685
0.99750156
0.99724565
0.996403%24
0.99510600
Q.99438291
0.992358539
0.99191639
¢.99002497
Q. 983900535
0.98565176
Q. 98443593
Q.,98284748
G, 97762625
Q. 97534716
#. 96960868
0.96515154
8.386039823
Q.95001213
Q.94390959
0.,93227172
Q.9234178%
Q. 92579213
0.91200486
0.90320943

| 8.89713164

. 89402917
0.8B5717503

"0.85358678
. Qe83122844

Q0.8155711e
0,80344653

C.7825361%

0.76519769
0. 74733904
D. 71014613
0.67113274
0.63048224
0.56685512
0.45540217
8. 70952799
0.33998641
0, 27020077
8. 22389078
0.16660698
0. 00258768

~0. 18503603
-“Ow33018817
- 9039176898
- 0, 2404253%%

0. 22381291
~ 0, 13299194

T, (F40)

0.00874967
0.01749732
0.02499219
0.02624096
0.02993650
0.03497857
0.04370814
0.04953753
0.05242768
0.05989206
0.06982F64
0.07478926
0.08716547
0.0896%599
€.09950083
0.10442225
0.11913807

$a 12402598

0.1%012275
Q.14831882
0.15555457

0.17233396.

0.177M9970
0.18422336
Q.19602658

Q.219352%4
0.22166329
Q. 253%5932
Q, 260271735
0.26473180
Q. 28670099
0. 29962838
0.30813545%
0.31235468
0.35716294
0.36108291
Q. 38402922
0.3987603%34
0.40949915
Q. 42678706
B. 44005059
0.45279393%
0.47666336
0. 49828906
0.51757660
0.54194771
D.56989594
#.57652038
0.58151695
0.58059458
0.57672481
0.56829014
0.52018527
. 40970925
0. 26134325

0.89546555
0, 29849986

= 0, 20385315

- 0.28987135
0, 0965895

Jg(ﬁ%Q)

0.000038328
0.00015311
0.,00031.2473
0.00034445
0.00044987
0.00061225
N, 0005542
0.0012f3°6
0.00137686
0« 90179784
D{90244600
8300280723

s 00351836
0.00403308
0.00498335
0.00545227
0.00716550
0,00777189
0.0085633G3
D.01116586

,01230088
01515678

0.01662575
0.01737303
0.01973466
0.02438209
Q. Q2543455
Qi 03366856
0.0355%7230
0.,03636828
0.04%266510

V.04795179

Q. Q5097744
Q.05250018
0.07051790
0.072266C

0.08312686
0.09070241
0.09655160
@.10660357
. 11490348
0.12341852
0.14103843
0.15934902
0.17823119
0.20735590
0, 25696775
0.27680580
0.30614354
0.3%458524
0.35283403
0.37462363

0,47T768550
0.48352770
0. 44480540
0.11605839

T4 (B0

0.00000011
0.00000089
0.00000260
0.00000301
0.00000450
0.00000714
0.00001%95
Q. 000020832
0.0000:2410
0.00003579
£.00005710
#.00007021
0.00011144
0.00012125
0.00016625
0.00019241
0.00022696
0.00032425
0.00037521
Q. ¥ V55534
0.C0064714
0.00083641
Q. 00096415
0.00108901
0.00132005
0.00187453
0.00193716
0.00%22115
Q.00340111
0,0N439966
0.00500136
0.00557136
0.0058283
0.00916384
0.00951624
0.01181297
0.0135233%4
0.01490348
0.01739447
0.01956335
0.02189268

. 0.03287434
0.03939588

0.05049771
9.07252344
0.08254104
0.09880202
0.11645802
0.12894325
0.14527667
0.19811480
0.27269860
0.34306638
G.39876267
0.39520851

0.02404164

.023834943

T, (3%2)

. 00000002
. 00000202
. 00000003
. 00000006
. 00000015
0.00000026

DiDCHDCJ

0.00000052

0.00000054
0.00000100

0.00D00862

0.00001014
Q. 00091232
+ 00002100
« 00002551

D 00003834
0, 00004346

0000065114

0. 0000561 3
0 {0005 TY

Q. 00011046
0.0N002182¢
0,00023%472
0.0003314A7
0.0N040216
0.00045513
G.00048347
U. 00083364
Q.00125146
0.00150220
0.00171313
0.00211185
0,.00247664
V00288542
0,00384732
0.00602267
Q45 Q0643701

,. 85 00906287

»01499516

001798363

0.02319652
0.02934606
0.03399572
0.04045259
0.06430696
0.10666866
0.15972176

0.21979906+
- 0.37796026
0.31276815
0.C%109760

35 (=)

0.0000000)
0.00000001
0.,00000002
0.00000004
0. 00000005
0. 00000003
0.00000011
0. 00000025
0., 00000032
0.Q2000063
0.00000136
0,000001567
0, 00000265
0.00000477
0.0LDOOS03
0.00C01027
0.00C0118Y
& 00001505
0.0000G2542
e 3N0Z 9f9
O,000C32053
0.00006"77
;. 00CO735€
O * 00010575
v e QOQL1%306
0.02015698
Q.N0020432
0,00030283
0.00043549
0.00061010
0~0030953l
0.00429361
0.060581723
0.00882842
0.01624172
0.05623801
0.08967968

_O 23472525

0.37312427

I (EN)

0, 00000001
0. 00000001
0.00N00Q002
0, 00000009
0. 00000018
0.00000019
0.00000045
€.0000505%
0. 00C0005%9
0. 0GOCOLAK;
Q Y OPJC)OO 13 4'
2.00900161
1o COZQDLTT
G, OD0O0NAL R
0 “ ﬁ‘ﬁﬂoo 4 7 C
0. CO000743
0.00N01126
0.0G001 044
0.67002Q24
‘0 * 00'0*0 264 2
0.00C06154
0.00015231
0.00033210
0. 00044685

0 * 0009 20@
0.0012Q243

0.00158750

0.00336689
0.00786343
0.01602203

Qf®2331115l
Q¢11105Q67ﬂ
Q.27949259

- 0. 21613685 ~ 0.22407654 ="

R 53. Datasheet Do
Values of J_({%2).

7,(B%)

0. 00000001
. 00000002
0. 00000004
Q . OQQOOOO 6
Q. 00000008
(). 00000008
. 00000024

D‘OQGWN$?7

é

JB(B%I)

Chotiwd01x
Ch00000001
0, 00000002
0. 00000003
Oi00000004

Q. 00000007

0.,60000009
6.00000013
Q.00000023
Q.00000040

. 000Q0067

00009135
0. 00000387
L. 00000568
0.0000097%
0, 00001614
0,00002218
0.00003239
0.000Q9076
0,00023367
0.00079815
0,0018?395
Q. 0743?380a
aw194l W 1




R 53, Datasheet 3a.
Values eof Jn(Pa?Tz) .

2 2\ - 2 . 2 2

BZQ Jg(gfﬂl) Jlo(bz,ﬂ_) Jll(ﬁ A7) J'lz(fg%} Jl.j(pzﬂ) J14(fb 1) Jl5(t“"?9) Jjg(fﬁ 1) J17(Fx%’))

1,.0000 C. 00000001

1.0400 0.00000001

1.1200 0. 00000001

1. 2000 0.0000000%

1. 2800 0, 00000005

1. 4000 0. 00000011 0. 00000001

1. 6000 0. 00000035 0. 00000003

1. 6800 0.00000053% 0.00000005

1. 8000 0. 00000098 0.00000009 0.00000001

1.9200 0.00000174 0.00000017 0.00000001

2. 0000 0., 00000249 0.00000025 0. 00000002

2, 1000 0.00000383 0.00000041 0.00000004

2. 4000 0.0000123# 0,.00000150 0.0N000N1E 0.00000002

2. 8000 0.00004672 0.Q0000666 0.000000836 0.0000NC1L0 0.00000001 .

3. 2000 0.00014615 0.00002395 0,0C0ON0355 0. 000708 0. 00NOCD0G 0, 00000001 |
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